6.3 [Ipumepbl pacueToB MPOIECCOB 00PaA0OTKM META/LIOB JaBJIEHHEM

HHKCHCPHBIM METOA0M.

IIpumep pacyera IUIOCKOTO TeYEHHUS MeTa/LUIa MexXAY [ABYMS
NapauieJIbHBIMH HIEPOXOBATHIMH IJIMTAMH (0CAAKa MPAMOYI0JIbHOM MOJI0CHI
HEOTPAHUYEHHON /JIMHBI) MOJIyYeHHOe u3 pemeHusi anddepeHInAIbHBIX
YPaBHEHHH PABHOBECHSI COBMECTHO € YCJIOBHEM ILUIACTUYHOCTH.
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Pucynox 6.1 - Cxema mporiecca ocaaku.

[Ipu ocanke MexaHndeckas cxema J1e(OpMUPOBAHHOTO COCTOSTHUS — CXKaTHE,
T.H AedopManusl B HamlpaBiieHUE AepopMaiiy, COBMAJAIOIIEE C HAlpaBICHUEM
IIPUJIOKEHHOM HArpy3KM OTpHLATENbHAsA, a JIBE APYrue MOJIoKUTenbHbIE. [lpn
OTCYTCTBUM CHUJ TPEHMs HAa KOHTAaKTHOW IIOBEPXHOCTM MEXaHUYECKas cxema
HalpsHDKeHU — JIMHEWHOEe ckaTtue, npu TpeHun Oonbmie 0 — BCECTOpPOHHEE
HEPAaBHOMEPHOE C)KATHE.

a) DKCIIEPUMEHTAIbHO YCTAHOBICHO — YeM OOJIbIIE OTHOMICHNE KOHTAKTHOM

FKOHm

nosepxuHoctu F,, kK cBobomHO# F, , (

KOHmM

), TeM OO0JIbIIIE HEOOXOAUMO yCHUIINE U

606

YAEIBHOE NAaBJICHUE.
0) KacarenbHble HaNps>KEHUS 1O CEYEHUIO 3arOTOBKH PACTIPEACIMM TaKUM

00pa3oM, YTO Ha KOHTAKTHOM IMOBEPXHOCTH 7, (r, =k), a Ha ocu T=0.



Pl z ![_:()_5 T=T nax

X dx

Pucynok 6.2 - Cxema HampspKeHHH TpU OCaJKE MPSIMOYTOJBHON MOJIOCHI

HCOI‘p&HH‘JGHHOﬁ JJINHBI.

OnpenenuTs pacupeiesicHHe HOPMaJbHBIX HaNpsHKeHUH  (KacaTelbHBIX
HaIpsDKEHH ) TOJBKO Ha KOHTAKTHOM MOBEPXHOCTH.

Pelenue, nmoimy4eHHOE TOYHBIM pelieHueM TU(PepeHIINaNbHbIX YPaBHEHUI
pPaBHOBECHUA COBMECTHO C YCJIOBHEM IUIACTUYHOCTHU. BcliencTBUe CUMMETpUU
mpoIliecca Mpu PEIICHUH 3a/1auid PAaCCMOTPUM TOJIBKO 1/2 4acTh 3aroTOBKH.

1) IIpumeM, 4TO TpeHHE Ha KOHTAKTHOW MOBEPXHOCTH MakcuMaibHoe pu=0,5,
CJI€ZI0OBATEJIbHO, KOHTAKTHOE KacaTEIbHOE HAIIPSYKEHUE Tk = Tmax-

BeiienuM B 3aroTOBKE 3JIEMEHTAPHBIN Hapajuieenuie ] co ctopoHamu dx, dz
Ha TPaHAX KOTOPOTO JICUCTBYIOT HOPMaJbHBIC M KacaTelIbHbIC HAMpPsDKCHUS (CM.
puc. 6.2).

HopmanbHoe HamnpsbkeHHe — G Ha KOHTAaKTHOM MOBEPXHOCTU HE 3aBUCHUT OT
KOOPJMHATHI Z, TAK KaK 3HAYECHUE Z SIBJISICTCS BEJIMYMHOM MOCTOSIHHOW BEJIIMYMHOU
BI0Jb Bcel moBepxHocth (z=0,5h), a X — mepemMeHHas BeIWYHMHA, JICKUT B
nuamnasone - 0<x<a/2.

Tak kak HaNpsOKEHUS SBISIOTCA 3aBUCUMBIMHU TOJIBKO OT KOOPJAUHATHI X, TO

NnepenumeM Mx B IPOCTBIX IIPOU3BOJHBIX

. do

oo
OX dx

.. Oo, do,

ooz dz (2)




2) KacatenbHble HamnpsOKEHUS Ha KOHTaKTHOW moBepxHoctd npu z=0,5h,
7, =7 (7, =K)

3anumem nuddepeHnraibHoe ypaBHEHHE PAaBHOBECHS B BUJIE

09, ,9%a (6)
ox oz

Jlomyctum, uto 7, = f(z) - nuHeinas. Torga NpOMHTETPUPOBAB YPABHEHUE

paBHOBECHS 110 Z:

h/2

h/26 ] axz
'([ Gdz+£ ;Z dz=0

OX

h/2
Tak Kak NpUHATOE paHee o, HE 3aBUCHT OT Z, A 7,, , TIOJlyYrM
0

d()'X h/2
+

h/2
—Xz T, =0
OX 0

0

Ilocne IIOACTAHOBKH I10JIY4aCM YPAaBHCHUC

dodx +27/h = 0 (8)

3)Ans pemeHuss TONYYEHHOTO YpaBHEHUS MPEANOJIONKHM, UYTO 7,
IPONOPLUUOHATIBHO HOPMAJIBHOMY JaBJICHMIO Ha KOHTAKTHOM MOBEPXHOCTH (C
OJIMHAKOBBIM OTPHUILIATENILHBIM 3HAKOM) 7, = U0, .

HpI/IHHB YCIOBHUEC INIACTUYHOCTHU BHU A

do, Oo,
ox  OX

MOJKEM TIepernucaTh ypaBHeHue (0) MOJACTaBUB BMECTO Ty, = Tk, a dZ =h/2

do, 25 _,
dx h

[Ipumem, 4to 7, = uo, , 3aIIUIIEM,

Z

dx h

do, | 2uo0

Z=O

Jlanee npou3Boig MHTErpUpOBaHKe U IpuHUMas Xx=0,5a, o, =—o; , HoJIly4um

3HAa4YCHUC



O, =—0; EXP T (r)
[Tosicuenue:

exp(x)=e*
(exp — pyuxyus obpamnas )

e=2,718281

[Tomydyennas Qopmyna (r) maeT BO3MOXHOCTh TIOCTPOUTH  DIIOPY

pacupeaciiICHUus HOPMAJIbHBIX W KaCaTCIbHBIX HaHp}DKeHI/Iﬁ Ha KOHTaKTHOM

IIOBCPXHOCTH.

4) TlocTtpouMm O3IIOPY HANPSHKCHUH 1O ypaBHEHHIO (T) IS Pa3sUYHBIX

snauenuit x (0;0,5a;a)(puc. 6.3)
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Pucynox 6.3 - Omtopa HanpsHKeHUN o, U T

N3 mocTpoeHHOM 3M0pbl BUAHO, YTO UHTEHCUBHOCTD POCTA HANPSIKEHUN O,

a TaKXe 7, YBEIUYMBAETCS K OCU CUMMETPHUH Z CEUYECHHUS TOJI0CHI

B Touke b Ha KOHTaKTHOM MOBEPXHOCTH, MPH X = X, ,KOHTAKTHOE KacaTeIbHOEC
Hanpsokenue 7, =7, =050, , TaK KaK 7, = yo, , a 67~ 6p =0,5" o5 /|, TaK Kak
Tk=" Ob.

IIpu x<x,, ecnu o, onpeAenuTcs Mo ypaBHeHUIO (T) U 7, = uo, , IOJICTABUB

o, mnoinyunMm 7, >050,. YUrto HeBo3moxkHo. CremoBarenbHo, (opmyna (T)



NEMCTBUTENbHA PH TAKUX 3HAYEHUAX X, [IPH KOTOPBIX 7, =|uo,|< 0,50, , TO eCTh NpH

G*
|O'Z| <05—=
CrnenoBatesibHO, JOJKHO COOTI0aThCSI HEPABEHCTBO

o e Zﬂ(o,ia— X) . OTS

Pemus KOTOPOC OTHOCHUTCIIbHO X, ITOJIYYUM

hin2u

X >0,5a+
2p

Beenem o0o3nauenue (- y = Inzﬁ), HOJIyYUM
U

x>05a-w - h
[ToncraBuM B hopmyity (T) A7 pa3InYHBIX 3HAUEHUH |l TOTYIUM:
-yeM OoJiblle KO3(PPUUUEHT MOBEPXHOCTHOIO TPEHUS, TEM HAa MEHBIIEM y4acTKe

KOHTAKTHOM IOBEPXHOCTU JIEHCTBUTEILHO BLIPAKEHUE T, = UO,, T.€ TEM CKOpEE

KacaTeJIbHbIC HAMPSDKEHUS TOCTUTAIOT MPEC/IbHOTO 3HaYeHus |7, |= 0,5 - 0.

6.4 BapuanuoHHbie (JHepreTu4ecKue) MeToabl

Bapuanuonnslii (sHepreTuyeckuii) MeToIbl pa3paboTaHbl U UCHOIL3YIOTCS
JUTS perieHust 00J1ee CII0KHBIX 33714, CBSI3aHHBIX C pPacueTOM MOJIeH HApSHKEHUH 1
nedopMaiuii 1 ©X CKOpPOCTEH, a TaKxKe ISl
- TPOTHO3UPOBAHUS  Pa3pYILICHHM, BO3HUKAIOUIUX TMPU  HEPABHOMEPHOM
nedopmarmm,
- (hopMupoBaHUS MAKPOCTPYKTYPHI U3ICTUH;
- 0OpazoBanus AehOPMAIIMOHHON TEKCTYPHI.

OTHU METOBI Tal0T BO3MOKHOCTh PEIIUTH JIFOOYI0O KPaeByIO 3a7a4y TECOpUU

OM/] ¢ 110001 CTEIEHBI0 TOYHOCTH.

Jns mpoueccoB ropsiyero jaehopMuUpoBaHUsS ObUT pa3paboTaH HpUHUUR
BUPDMYAIbHBIX CKOPOCHMEH U HANPANCEHUNl, a JUId TPOLECCOB XOJIOAHOTO

ne(hOpMUPOBAHUS — HPUHUUN GUPHLYAIbHBIX NEPEMEUICHUIL U HANPAIHCCHUIL.



C nomomipl0 BapUallMOHHBIX MPHUHLIMIIOB pematoTcs 3agaun ¢ 10-100
BAapbUPYEMBIX BEIMYMH C BBICOKHMM TNPUOIIKEHHEM K JICHCTBUTEILHBIM

pe3yJbTaram.

Tak kak mporeccel OMJI conpoBoXaar0TCs OOJBITUMU TIJIACTUYECKUMU
nedopmarsaMy, a MeTaulbl 00JIaaloT CIOKHBIMU — (PH3UKO-MEXaHUIECKUMHU
CBOMCTBAMH, TO IMPHU PELUICHUM 33724 SHEPreTUYECKUMU METOJAMH HUCIIOJIb3YETCs
COIYTCTBYIOIIAsE CHUCTEMa KOOpPJAMHAT, a TEH30pPbl pPacCMaTpUBAKOTCA B
KOCOYTOJIbHOU cucteme KoopauHat. [Ipu 3ToM BCe 3aKOHBI MEXAHUKH CILIOLIHOW
Cpelbl U UX MEXaHWYeCKHe MepeMEeHHbIe (CKOPOCTh TEUYEHHS, TEH30p CKOpOCTei
nedopmariy, TCH30p HaIPSHKEHUN) OCTAIOTCS OJHUMH U TEMHU XKe, OTIUYHE HX
3aKJIIOYAETCSl B HamUCaHWM (HOPMYJ U YpaBHEHHM, CBS3aHHBIX C MPUMEHEHUEM

KPHUBOJIMHEMHON OPTOIOHAJIBHOW CUCTEMOM KOOPAUHAT.

Pucynoxk 6.3. - Pa3znoxenue BekTopa d B KOCOYTOJIbHON CUCTEME KOOPIUHAT

Bce BapualnMOHHBIE METOJbl OCHOBaHbl Ha HCIOJB30BAaHUU 3aKOHA
coxpaHeHus 3Hepruu. OHU OTHOCATCS K SHEPTeTUYECKUM MeToAaM (MeToja pador,

MeTo| OaraHca MOIITHOCTEH ).

TeopeTdecKyt0 OCHOBY SHEPreTUYECKOTO METOJa MOXHO TMOSICHUTh

CJIEIYIOLIUM MTPUMEPOM.



Ilyctp TEno, K KOTOPOMY HPWJIOKEHBI BHEIIHHWE CHJIBI HAXOOUTCA B
COCTOSIHUHM TUTACTUYECKOTO TE€UEHUsI U UMeeT (OpMy, OMUCHIBAEMYIO YpaBHEHHEM

BHU/IA,

® (xy,z,t)=0
UYepes 6€CKOHEUHO MaJIbIi TPOMEKYTOK BpeMeHH dt BHEITHUE CHJIBI
COBepIIIaT JOIOJHATEIbHYIO paboTa - dA; a Telo MOJYYHT JOIOTHATEIBHYIO

I[e(bOpMaHI/IIO. TOFI[a Ha OCHOBAHHH 3dKOHA COXPAHCHUA SOHCPIUU

dA, = dA, + dAr (6.12)
riae dA, - TONoJHUTEIbHAS Pab0Ta BHEIITHUX CHIL;

dA, - pabora, 3aTpaunBaeMas He MPEOIOJICHUS BHYTPEHHUX CHJI COITPOTUBIICHHMS
nedopmariiuy;

dAT— pa60Ta, 3aTpaduBacMasd Ha IIPCOAO0JICHNA CUJI TPCHUA Ha KOHTAKTHBIX
IMOBCPXHOCTAX.

dA,=P,-du (6.13)
rae Py — akTuBHAs cuiia 1e(OpMUPOBAHUS YUCIECHO paBHAs CHUIIE

COMPOTHUBJICHUS AepopManiuu (BeTUINHA TIEPEMEHHAs)

du — 6eckoHeuHO MaJsioe MepeMeliecHre HHCTpyMeHTa 3a Bpems dt. Tak kak
OBLIO IIPUHTO YCIIOBHUE, YTO BpeMs OeckoHeuHO Majio (dt—(), To MOXHO CUHMTATH,

YTO aKTHMBHAasd CUJia BEJIMYKWHA ITOCTOSAHHAA HAa 3TOM IIPOMCKKTKE BpEMCHHU, T.C
P,=const.

[ToncraBuB Beipakenue (6.13) B (6.12), nomyunm:
Py=— - (dA, + dAy) (6.14)

®opwmyna (6.14) naeT BO3BMOKHOCTh pacCUUTHIBATh 1ehOPMUpPYIOIIEE

yeunue (P,) B MoMeHT aedopmaituu t, eciiu u3BecTHbI 0A, 1 dA7.

PaGoty BHyTpeHHHX cui compoTuBieHus aedopmarmu - dA, 3a Bpems dt
OIPE/ICIIUM, BBIJICIIMB B TEJIC SJIEMEHTAPHbBIN Mapajuiesenune co cropoHamu dx, dz,
dy. Ha rpansx »3Toro mapajieienunesa KOMIIOHEHTBI BEKTOpa IOJHOTO

HanpsbkeHus (Si) BBI30OBYT MEPEMEIICHUE KaXI0W TPaHHU, BETMYMHBI KOTOPBIX OUy,



duy, du, Torma 3arpaumBaemas paboTa Ha NPEONOJICHUE BHYTPEHHUX CHII

COIPOTHUBIIEHUS AeopMalnu onpeaenuTcs no Gopmyne:

dA() = ffF (Sx° de+ Sy' de+ Sz' duZ) ‘ dF (6.15)

BripasuB HanpspkeHue Sy, Sy, S; uepe3 KoMrnoHeHTs! TeH30pa Ty (cMm
ypaBHEHHsI paBHOBECHS TETPAdpa), MOIYyIHM

dA, = ffF [ (ox* dux+ 7yr duy+ 7,0 duy) - axt+(zyx: duxt+ oy duy+ 7;°
du;) -ay+ +( 1 dux+ 1y duy+ o0 du;) -ay] - dF (6.16)
dusnueckuil cMbIc ypaBHeHus (6.16) onpenenstoniero paboTy BHyTPEHHUX CHUJL:
- TIOJy4YeHHOe ypaBHeHHE (6.16) BwIpakaeT pabOTy BCeX KOMIIOHEHT TEH30pa
HarnpsbkeHU Ts HAa COOTBETCTBYIONIUX IMEPEMEIICHUSX B AJIEMEHTapHOM OOBheMe

nedopMupyemMoro tena.

[TpeoOpazoBaB ypaBHeHue (6.16), HCHONB3ys YCIOBUS pPaBHOBECHUS U

0Gj
— =0 ; g
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opmyiel Komm
dopmy. ( G G

VYyuthiBasi, YTO JEBHUATOPHl JepopMalvii W  HANPSDKEHUM  CBSI3aHBI

COOTHOIIIEHUEM BHA
D, =ADc ,A=—e—

VYuuThiBas, 4TO A€BUATOPHI AedopMaliil 1 HANPSHKEHU CBSI3aHbI
COOTHOILIEHUEM BUJA,

D, =ADoc,A = § o S , MO’KHO OTIPEICIIMTh KOMITOHEHTHI JiehopMaruii u
Oj
ux npupamenuii de;; dyij, moacTaBuB Kotopsie B popmyay (6.16), momydanm
dA, =[[1$5 ={(0,-0,)" +(0,-0,)" +(0, -0, +(0,-0,)" +
v 20, (6.17)

6(c:, + 77, +72)}dV

BrIpaskeHue B KBaIPATHBIX CKOOKax 510 2 6i%. Ho 110 yCI0BHIO ITaCTUYHOCTH
['yoepa-Mmu3seca o; = o,. CienoBaTenbHo, ypaBuue (6.17) MOXHO 3amucarh B

HNHACKCHOM BHJC KAk,



dAo: fffV O-S[ dSiD DdV (618)

Onpenenum  paboty cuin  Tpenus OAr. OHa sBISETCS  BEJIMYMHOM

MHBAapUaHTHAOM.

O6o3Hauum uyepe3 F momaaKy KOHTAaKTHOM TOBEPXHOCTH, KOTOpas

IIPONU3BOJIbHO OPUCHTUPOBAHHA B ITIPOCTPAHCTBC.

Tak kak dAT BCIIMYMHA MHBAPpHAaHTHAA, 1 HC 3aBUCHUT OT BBI60pa CHCTCMBI
KOOpAWHAT, TO MOXHO €€ PACIIOJIOXKHUTL IIPOU3BOJIbHBIM 06pa30M, HarpuMcep

NEPHEHAUKYIISIPHO OcH Z.

Torna BennumHa NOJHOIO BEKTOpa HANpPSsDKEHUS S Ha Iulomianke F Moxer
OBITh Pa3JIOKEHA IO OCAM Oy, Ty, Tzy. ECIM OCh Z COBHANaeT HAIPABICHUEM
HepeMeIIeHUs] WHCTPYMEHTa, TO o;° OF 3T0 paboTra CHMI CONPOTHBICHUS

nedopmarmu, 7, © F 1y - F Oyner padoroii cun tpenus dAr.

Ha xonTakTHON mOBEpXHOCTHM F, BEKTOp KOHTAaKTHOTO KacaTeIbHOTO
HampspkeHUs (Tx = Txz + Tyz) HAmpaBlIeH B CTOPOHY IPOTHBOIIOJIOXKHYIO
HAMpaBJICHUIO BEKTOpa NepemelneHus uHCTpyMeHTa — du. Ero Bennuumna

OTPENICNIUTCS Yepe3 KOMIIOHEHTHI ITepeMeIlieHHs TI0 (opMyTie,
du®= du?+ du (6.19)

Torma paboTy cuil TpeHUs] Ha TOBEPXHOCTH F MOXHO OMNpEeAeIuTh IO

dbopmyie:

dA, =[]z, /du’ +du’ edF (6.20)

F

Ecmm ock 2z, wHampumep, TepHEHAVKYISIPHA IUIOIMIAJKE KOHTAKTHOM
MOBEPXHOCTH F W He coBmamaeT ¢ HampaBICHUEM MepeMeIleHUsS HHCTpyMeHTa du,
To pabota o;° dF = 0,T.k. mepemenicHre aeHOPMUPYEMO 3arOTOBKH B 3TOM
HAIpPAaBJICHUU OTPAaHUYCHO MOBEPXHOCTHIO MHCTpYMEHTa. B 3ToM ciyuae o, - dF

OyZeT BhI3BIBATH YIPYTYIO epopMalifio HHCTPyMEHTa U 00yCIaBIMBaTh €ro U3HOC.



CrnenoBaTeNbHO, BBIYHMCIWUB 1 JAaHHOTO MOMEHTa JehOpMHUPOBAHUS
npupamieHus paboThl 3aTpayrMBacMOWd Ha MPEOAOJCHHE BHYTPEHHUX CHII
conpoTuBiieHus nedopmarmu - dA, u pabora, 3aTpaurnBaeMasi Ha MPEOIOJICHHS CHIT
TPEHUSI Ha KOHTAKTHBIX TOBEPXHOCTAX - A7 Ha OECKOHEYHO MaJIOM TIEpEeMEIICHUH
UHCTpyMeHTa U 3a OECKOHEYHO Majblii MPOMEKYTOK BpeMeHH Ot MOXHO T

bopmyie (6.14) onpenenuts yeunue nepopmupoBanus Po

HpI/I PCIICHUHU 3a1a4 SHCPIrCTHICCKUM MCTOAOM HCO6XOI[I/IMO IMOCJIICAOBATCIBHO

BBIIIOJIHATB CJIICAYIOIIHC I[GﬁCTBPDI.

1. 3amaemcsi OECKOHEYHO MalbIM TIEPEMEIICHHEM HHCTpyMeHTa - du |

oIpezeNsieM Bo BceM o0beMe -V IpHpalleHus NepeMeieHus,
duy,=fx(du) ; duy=fy(du) ; du,=f,(du) (6.21)

2. Ha ocHOBaHWM TONy4YeHHBIX (YHKIUN TpHpamieHus nepemernieHuit (6.21)
HAaXOJMM KOMITOHEHTHI JeBHaropa upupamieHus aedopmammii - Dd, wu

BBIYKCIIIEM MPUpPAIICHHE HHTEHCUBHOCTH Aedopmaruii de;
3. ITo popmyie (6.18) naxoaum dA, =D(du) =fffV osdei L1dV

4. Tlo ¢opmyne (6.20) Berancasem dAr=d(du) = ffF T (dup + |/ dI)dF

5. ITo dopmyne (6/14) onpenensiem ycuinue aedopmaruu nojactaBus (5.13u

5.12), nonyuum popmyiy Buna,

g:i.[f”asdeiOdV+H1/duf+dufodF (6.22)



